Observational constraints of relativistic jets from black holes has largely come from the most powerful and extended jets 2, 42 , leaving the nature of the low luminosity jets a mystery 3 . M81* is one of the nearest low-luminosity jets, which underwent an extremely large radio flare in 2011, allowing us to study compact core emission with unprecedented sensitivity and linear resolution. Utilizing a multi-wavelength campaign, we were able to track the flare as it rebrightened and became optically thick. Simultaneous X-ray observations indicated the radio re-brightening was preceded by a low energy X-ray flare at least t delay > 12 days prior. Associating the time delay between the two bands as the cooling time in a synchrotron flare 38, 39 , 1 we find the magnetic field strength was 1.9 < B < 9.2 G, which is consistent with magnetic field estimate from spectral-energy distribution modeling 44 , B < 10.2 G. In addition, VLBA observations at 23 GHz clearly illustrate a discrete knot moving mildly relativistically at v app /c = 0.51 ±0.17 associated with the initial radio flare. The observations indicate radial jet motions for the first time in M81*. This has profound implications for jet production, as it means radial motion can be observed in even the lowest-luminosity AGN, but at slower velocities and smaller radial extents (≈ 10 4 R G ).
X-ray bands, to track this substantial brightening, never before observed in a low-luminosity active galactic nucleus of such proximity.
We targeted M81* with four epochs of radio observations, including both broadband frequency coverage with the Karl Jansky Very Large Array (VLA) and high resolution radio imaging with the Very Long Baseline Array (VLBA). Figures 1a & 1b illustrate the VLA broadband radio frequency behavior in the unresolved compact core. As indicated by the decrease in flux density between September 17 and September 21, the flare was already cooling nearly 20 days after the initial report of activity. The radio spectral index, α (where S ν ∝ ν α ), was negative, consistent with optically thin synchrotron emission. However, by the end of the four epochs, the radio emission at higher frequencies had re-brightened and the spectral index has become consistent with optically thick synchrotron emission (α > 0). This indicates renewed flaring activity at very small radii,
i.e., the core of the jet. Very Long Baseline Array (VLBA) observations confirm this, and will be discussed below.
Compact radio core emission is generally modeled as self-absorbed synchrotron emission 19 .
The peak in the spectrum occurs at the boundary between optically thick and optically thin emission, from which we can make an estimate of the magnetic field strength 44 . Our first epoch obser- with only a few data points at higher frequencies, it is difficult to assess the degeneracy between the peak of the second flare, the flux density, and the contribution from the emission at lower frequencies. However, higher frequencies reveal smaller spatial scales, closer to the base of the jet, indicating the second flare originated at smaller radii. In addition, changes in the spectral slope moving from optically thin (α < 0) to optically thick (α > 0) emission at higher frequencies throughout the four epochs indicates increases in either the particle energy density or magnetic field strength (see Figure 1a & 1b).
Contemporaneous X-ray observations also showed increased emission, which we associate with the radio re-brightening. In general, X-ray emission in low-luminosity AGN is modeled with a fiducial power-law attributed to either inverse Compton scattering of disk photons 20 , synchrotron 21 or synchrotron self-Compton 40 less intense, the rare X-ray behavior associated with this flare may explain its peculiar behavior, including the first detection of a discrete knot in M81*, which we discus in more detail below.
Interestingly, the lack of a strong flare in the high energy band suggests that the "corona", which is responsible for the production of the high-energy X-rays via inverse Comptonization in AGN 20 , is not associated with this particular radio flare. In addition, because the X-ray luminosity at 2-10 keV did not vary as dramatically as the emission at low frequencies, this suggest that even during this type of event, M81* would still lie on the "fundamental plane of black hole activity".
Conversely, the low energy X-ray emission does appear to be associated with the radio flare at higher frequencies. It precedes the radio re-brightening by at least t delay > 12 ±1 days, determined via a Z-transformed cross-correlation analysis. We note that the core is not in a flaring mode nearly three months later on January 16, 2012 based on its flux density and optically thin spectral index, which also sets an upper limit on t delay of three months. This last epoch will be discussed below.
Accelerated charged particles in the jet core will cool via synchrotron radiation, and therefore the spectra will peak at progressively lower frequencies at later times. The time lag between the peak emission at different frequencies is dependent on the magnetic field strength, velocity of the flow, and viewing angle 38, 39 , as long as adiabatic losses do not dominate 42 . As will be discussed below, we find a one-sided VLBA radio knot moving with an apparent velocity of v app /c = 0.51 ± 0.17 and viewing angle to our line-of-sight of θ < 56
• . Assuming the de-projected velocity is close to the bulk flow velocity, we constrain the magnetic field strength, B, from the time lag between the X-ray flare and radio re-brightening to be 1.6 < B < 9.2 G. We assumed the angle is θ = 14
•43 for the the upper limit, while the minimum flux ratio and maximum time delay give the lower limit. This is consistent with the magnetic field strength derived from the peak of the radio spectral-energy distribution in the first epoch, B < 10.2 G. See the Supplementary Materials for further modeling details.
Our measurement of the magnetic field is nearly two orders of magnitude greater than what is measured from the radio core-shift of M81*, which find a value on order of B ∼ 34 mG at 0.21 milli-arcsec (1300 R G ) scales at 8.4 GHz 12 . Even if we extrapolate to 23 GHz, assuming the magnetic field is inversely correlated with radius, we find that the magnetic field strength measured from the core shifts is B ∼ 90 mG at ∼0.08 milli-arcsec (∼500 R G ) , which is still two orders of magnitude less than our measurements at much smaller radii. Though this discrepancy could be due to measuring different components of the magnetic field via the two different methods, we are more likely measuring an increase in magnetic field associated with the large flare event. The magnetic field scales as B ∝ ν
A , where ν p is the peak frequency, S p is the peak flux density, and θ A is the angular size 44 . Even with such a large increase in magnetic field strength, only a small increase in either the peak frequency or emitting region is required in order to explain the increase in flux density observed during the flares. Both of which are reasonable assumptions, as we note the peak frequency does in fact increase in the re-brightening of the flare, and the emitting region extends, as evidenced by the detection of the knot discussed below.
We note that the radiation energy density determined via the radio luminosity of the knot is much less than the magnetic energy density as determined via synchrotron losses. If the particle energy density is roughly in equipartition with the magnetic field, our results imply that the internal energy of particles and field dominate over the radiative energy, similar to what is observed in more massive AGN 22 and stellar-mass black hole Cygnus X-1 23 .
In addition to having a strong magnetic field, we detect a discrete knot moving mildly rela-tivistically for the first time in M81*. Figure 3a shows the knot as it moves radially outward over the four VLBA epochs, taken at 23.7 GHz with a full-width half-maximum (FWHM) restoring beam of 1.2×0.55 milli-arcsecs with a position angle of −23 degrees. Figure 3b shows the 8.4
GHz observations, which have a larger restoring beam of 3.1×1.4 milli-arcsecs with a position angle of 21 degrees that makes detection of the knot difficult in all but the last epoch. Figure   3c shows the spectral index, α, between 8. 
The elongation of the nucleus at 8.4 GHz has been observed before 10-12, 24, 25, 40 . However, we are the first to measure the radial motion of the knot in M81*. Fitting the knot detected at 23.7 GHz with a Gaussian component and determining its position with respect to the brightest component, i.e., the core, we find that the knot is moving radially from the center of the radio core with a projected velocity of v app /c = 0.51 ± 0.17 (see Figure 3a&4a ). Assuming the jet is bipolar, the apparent velocity, together with the brightness ratio lower limit from the one sided detection, place a constraint on the viewing angle of θ < 56
• to our line-of-sight. See Figure 5 .
This limit is broadly consistent with the angle of θ = 14
• ± 2 determined via optical modeling of the accretion disk on parsec scales 43 . However, high resolution radio studies have found evidence that the core emission in M81* bends in the plane of the sky on milli-arcsec scales 11 as well as precesses on a timescale of years 11, 12, 25 , which suggests the inclination may change even on small scales, and long time periods. Deeper observations during similar outburst events are needed to further constrain the inclination angle.
As the knot moves radially outward, its brightness also changes. Figure 4b shows the variability observed in both the knot and core at 23.7 GHz, as well as the variability observed in the core at 8.4 GHz. The core emission becomes optically thick by the end of the four epochs, which can also be seen in the spectral index map in Figure 3c . Figure 3c suggests that the knot is optically thin throughout the four epochs. The knot does however continue to brighten until the third epoch, and then drops in flux density by the fourth epoch. See Figure 4b . One can use the variability of the knot as it moves out along the jet to estimate the Doppler factor 42 , δ Doppler , shown as the red curve in Figure 5 . We discuss this in more detail in the method section, and find the Doppler factor to be δ Doppler ∼ 1.5. This corresponds to a viewing angle of θ ∼ 44
• , which is much larger then the angle inferred from optical modeling. However, large uncertainties due to the poor temporal sampling of the knot light curve do not exclude a θ = 14
• .
We also reduced archival VLBA observations of M81* on January 16, 2012 (MJD 55943), nearly three months later, which also show a discrete knot, in addition to the compact core emission at both 23 and 15 GHz (Figure 6a -e). Again, due to the lack of temporal sampling, we can not distinguish between a separate, distinct knot ejection associated with the re-brightening of the core, stalling of the original knot, or a recollimation of the jet. The January knot might have been launched during the radio re-brightening flare if the velocity is less than that observed from the first knot. In contrast, the knot may have decelerated to the position in this fifth epoch. Recollimation of jets and deceleration of knots is observed in other jets, like M87 2 , but at much larger gravitational radii (∼ 10 6 R G ) compared to what is observed in M81*.
The closeness of the bright knots to the core in M81*, R < 10 5 R G (for all but the smallest inclinations, θ 6 • ) is peculiar as compared to other AGN of similar masses but which are radio loud, e.g., 3C 120 and 3C 111 26, 27 . These latter AGN produce jets that reach radial extents exceeding R > 10 6 R G . The mildly relativistic knot velocity may partially explain the small radial extent of M81*, as the knot may not travel as far before dissipating. However, this can not be the only solution, as M87 has both mildly relativistic knots at small radii and highly relativistic knots at large radii 2 . Therefore, high magnetic field strength, accretion rate, small black hole mass, or even a potentially low spin may be responsible for setting the small radial extent in M81*.
Current paradigms suggest that jet production in both stellar-mass and supermassive black holes at low mass accretion rates should be steady and continuous 3 , while black holes with high mass accretion rates, L X ∼ L Edd -produce jets with discrete, highly relativistic knots [26] [27] [28] . As M81* has a relatively low-mass supermassive black hole (7 × 10 7 M ⊙ 43 ) and is accreting material at a very low rate (L X ∼ 10 −5.8 L Edd ), detecting discrete, mildly relativistic knots reveals the similarities between jet production at all masses and mass accretion rates. The observations demonstrate that though the radial extent and knot velocities may differ, jets are intrinsically capable of producing the same knot-like structures. In addition, the multi-wavelength analysis indicates that jet knot ejections are not only associated with radio flares, but also X-ray flares, and can be further utilized to measure the magnetic field strength very close to the black hole. Panel a shows the radio spectral energy distribution at different epochs, while panel b
shows the flux density of different frequencies as a function of time. Between September 17 and September 27, the spectrum turns over at ∼10 GHz, suggesting that it is optically thin above that frequency, and that the flare is decaying. However, on October 2, the whole spectrum is inverted, suggesting that it has becoming optically thick and that the flare is rebrightening at least at the higher frequencies. Error bars are 1σ confidence. As can be seen in a-c, the knot is extended much further from the core than in previous observations. Panels d and e, show the core and knot are both optically thin (α < 0)
indicating the flare has stopped.
Supplementary Information
Radio Reduction 3C 286 was used as the flux density calibrator with two minute integrations at each band, except 1.7 GHz, which had 3.5 minutes. J0958+6533 was used as the primary phase calibrator, bracketing the integrations on M81*. A total of seven minutes was spent on M81* at each frequency band, except at 1.7 GHz, which had 5.25 minutes on source. The pointing offsets were calibrated before the high frequency observations. The total observing time at each epoch was 1.5
hours.
Utilizing the CASA software package, version 3.4.0 30 , the visibilities were examined for radio frequency interference, which primarily affected the low frequency bands. Standard reduction techniques were used to transfer the flux density scale from the flux density calibrator to phase calibrator and M81*, and then bandpass and gain calibrations were done. A Gaussian centered at the phase center was then fit to the uv visibilities. A 5% error was added to the statistical fit error to account for the uncertainty in the absolute flux density scale. We reduced the data using NRAO's AIPS software, version 31DEC13. We again used J0958+6533 as the phase calibrator. A grid of 512×512 pixels with size of 4.5 × 10 −2 milliarcsec was used to produce an image. After the initial gain calibrations were transferred to M81*, we proceeded to use self-calibration to improve the images. Initial self-calibration was phase-only. Amplitude and phase calibrations were then carried out with solution intervals initially set to the entire observation, decreasing with each iteration. Figure 3a shows the 23.7 GHz VLBI image of M81*. The resulting root-mean-square (rms) of the images is given in Table 1 . Figures 3b and 3c show the 8.4 GHz VLBI images and spectral index map of M81*, respectively.
The emission at 23.7 GHz was modeled in the UV plane with OMFIT using four point sources (see Figure 4a , Table 1 ). The first two adjacent point sources were used to fit the core emission, and two additional point sources were used to model the knot as well as the extended emission observed to the north-east in each image. Though OMFIT produces an error associated with the measured positions, we calculated the position errors using the full-width at half-maximum of the beam divided by the component's signal-to-noise, which increased the errors, allowing a more conservative estimate fore the measured velocity. The third component, between the core and the most extended emission, is the least constrained, likely due to the approximation of the irregular structure with Gaussian components. After the positions had been measured, distances between the brightest knot and the brightest core component were computed. The westernmost core component was always the brightest one. We note that in the 8.4 GHz observations, the extended emission did not extend farther than 2 milli-arcsec (1.1 × 10 4 R G ). See Figure 3b .
Utilizing the projected distance measurements for the discrete knot moving to the north-east, we made a linear fit to the distance as a function of time. We found that the apparent velocity The data were reduced using the xrtpipeline via FTOOLS software, version 6.16 32 . Exposure maps and background files were created using the standard tools xrtexpomap and xselect, respectively. Extraction regions for the source were nominally an annulus with an outer radius of 118 arcsecs and an inner radius of 4.7 arcsec to avoid pile-up contamination. The background region also used a annulus with outer radius of 213 arcsec and inner radius of 141 arcsec.
After the source and background spectra were extracted, we utilized XSPEC, version 12.8. We show that this flare is model independent by plotting the intensity across the entire band (0.5-10 keV) versus the ratio between the detected counts in the 0.5-2 keV and 2-10 keV bands in Supplementary Information Figure 1a . The flare, depicted in black, moves well above all the archival Swift data to lower energies as the flare proceeds (clockwise). Though the flare is not strictly unique in this behavior compared to other outliers in Supplementary Information Figure 1a , it does show unique behavior in terms of the overall intensity. We preform a 2D Anderson-Darling test utilizing the python scipy (version 0.14.0) script anderson ksamp to determine how unique the flare intensity distribution is compared to the rest of 2011 and to the entire six year period. We find that the flare distribution is inconsistent with both the 2011 and the six year intensity distribution at the 4.3σ and 4.0σ level.
Moreover, we fit the data with a simple power-law model shown in Supplementary Information Figure 1b . The average spectral index is Γ = 1.72 ± 0.14, while the peak spectral index is Γ = 2.41 ± 0.42. We find this event to be rare, in that analysis of all the M81* Swift archival data (2005-2011) shows only this one event is associated with a statistically significant (3σ) increase in the spectral index above the nominal Γ = 1.7. Interestingly, an increase in the spectral index to Γ ≃ 2.5 is also seen in the black hole at the center of the Milky Way, Sgr A*, during its X-ray flares 35 . An increase in spectral index and X-ray brightening also occurs in stellar-mass black holes before discrete knot ejections as well 36 . This suggest that this behavior is not unique to supermassive black holes but is ubiquitous in jet production in accreting black holes across the mass scale.
If we add a second neutral absorption component that is allowed to vary to account for intrinsic variable absorption in M81*, the results do not vary significantly. A varying absorption component could easily explain the other outliers in Supplementary Information Figure 1a as absorption moves out of our line-of-sight, increasing the counts in the soft band, though not necessarily the spectral index. This indicates that the low-energy X-ray flare is intrinsic to the source and not to neutral material serendipitously moving out of our line-of-sight. 
Cross Correlation Analysis
In order to estimate the time delay between the low-energy X-ray and radio flare, we utilized a Z-transformed discrete correlation function 37 . This analysis allowed for the cross-correlation between two light curves with sparse, uneven temporal sampling.
We required that at least three points be used in the the time lag bin. Cross-correlation between the low-energy X-ray band (0.5-2.0 keV) and the three radio bands, 15, 23 and 37 GHz indicate a peak 12±1 days in all three bands as we do not yet measure the peak of the flare in any of these three bands. A positive lag means that the X-rays are leading the radio flare. The uncertainty on this time delay is strictly statistical and does not take into account systematics effects that can result from under-sampling the light curves. Likewise, as we do not measure a peak in the flux density, our measurement is a lower limit, t delay > 12 ± 1 days. However, we can place a large upper limit to the time delay, as we know the flare to have finished by the fifth epoch of observation with the VLBA on 16 January, 2012. Therefore the time delay is between 12 < t delay < 106 days.
Magnetic field Estimates
The magnetic field strength can be estimated using the time delay between the X-ray and Radio bands 38, 39 , with the following equation.
where t delay is the time delay between X-ray and radio bands,
the Doppler factor, γ is the Lorentz factor, β is the intrinsic velocity, θ is the viewing angle, and B is the magnetic field strength measured in Gauss. This method assumes that both the X-ray and radio flares are produced in the same shock event, and both frequency bands are dominated by synchrotron emission. However, if the X-rays are instead dominated by synchrotron self-Compton scattering 40 , we would expect the X-rays to lag behind the radio flare 41 .
We estimate the Doppler factor with three methods, all of which utilize measurements of the knot observed with the VLBA. We caution that this knot was ejected during a previous flare, but is assumed to be representative of subsequent flares. The first method of estimating the Doppler factor assumes the jet is bipolar, and uses the ratio of flux densities between the approaching and receding knots via the following relation,
where J is the brightness ratio, β is the actual velocity β = β app /(β app cos θ + sin θ), θ is the angle to our line-of-sight, and p = 3 − α, where α is the radio spectral index. We assumed the knot emission was optically thin and discrete, i.e., α ≈ −0.7. See spectral index maps Figures 3c. Due to our lower limit on the brightness ratio, we place an upper limit on the inclination of θ < 56 • , and a lower limit on the Doppler factor of δ Doppler > 1. 24 . See the black curve in Figure 5 . This also assumes that once the apparent velocity of the knot is de-projected to intrinsic velocity of the knot, it is the bulk flow speed.
The second method for estimating the Doppler factor utilizes the flux density variability observed in the knot, and assumes such variability occurs on the light travel time across the knot 42 .
where δ var is the Doppler factor derived from variability, s is the angular size of the component and we assumed 1.6a, where a is the full-width half-maximum of the Gaussian components. Further, D is the distance to M81*, c is the speed of light, and ∆t var is the variability timescale defined as ∆t var = dt/ ln(S max /S min ). Here, dt is the time between the maximum (S max ) and minimum (S min ) flux densities. This methods assumes radiative losses, and we note that the knot we observe may be subject to adiabatic losses in addition to radiative losses. However, variability studies of quasars show that radiative losses are the dominant cooling mechanism in similar knot structures 42 .
As shown in Figure 4b Figure 5 .
Unfortunately, the temporal sampling is sparse, resulting in a large uncertainty in both the time as well as the ratio between the maximum and minimum flux densities. By definition, the observed ratio between the maximum and minimum is a lower limit, making δ var a lower limit as well. However, the time between the maximum and minimum could both be shorter or longer, resulting in a larger or smaller δ var , respectively. Therefore, estimating the uncertainty in our measurement of δ var is difficult and should be taken as an initial estimate only.
Finally, we utilize the viewing angle of θ = 14 • ± 2, inferred from optical modeling of the M81* accretion disk 43 , as well as the apparent knot velocity of v app /c = 0.51 ± 0.17 as a third method to infer a Doppler factor of δ Doppler = 2.2 ± 0.4. See blue curve in Figure 5 . This is also broadly consistent with the estimates inferred from our previous two methods. However, we stress that the viewing angle is highly model dependent, and although it gives low statistical errors, this inclination measurement may also be subject to systematic errors that could bias it both higher or lower.
Moving forward, we assume the Doppler factor from the second flare is the same as the first, which is derived from the observed knot and its structure. We use δ Doppler = 2.2 in the magnetic field calculation, as it is our largest estimated Doppler factor, while still consistent with all three methods. As the time-delay is assumed to be a lower limit, due to the failure to sample the peak of the radio flare, both quantities, δ Doppler and t delay , and their limits make the estimate of the magnetic field an upper limit (i.e., B ∝ δ 1/3
Doppler t −2/3 delay ). We estimate the magnetic field strength to be B < 9.2 G. If we assume that the time delay is an order of magnitude larger, t Delay < 106 days, which is roughly the time of our fifth epoch, where we do not see the core in a flaring state, and the Doppler factor has its minimum possible value of δ Doppler > 1.4, we find the minimum magnetic field strength of B > 1.9 G.
The magnetic field strength can also be assessed utilizing both the angular size and spectralenergy distribution of the core emission. This is done via the following relation 44 ,
where f ∼ 8 for an electron distribution with an index of γ = 2, (N(E)dE ∝ E −γ dE), S p is the flux density in Jy at the peak frequency, ν p , measured in GHz. To find the peak of the spectral energy distribution during our first epoch of observation we extrapolate the spectrum from both low and high frequencies. We fit the spectrum between 1.8 and 8.4 GHz with a exponential fit of S ν ∝ ν α , where α = 0.27 ± 0.04. This is consistent with the slope measured just with the 8.4
GHz. At higher frequencies, we find the best fit between 12 and 16 GHz with exponential fit has an exponent of α = −(0.35 ± 0.27). These fits intersect at 10. Note. -This table shows all the best fit parameters to the fit to the VLBA data. We assumed point sources for each component, fitting in the UV plane. The FWHM (θ FWHM ) and position angles (θ PA ) to that of the restoring beam are given for each observation along with the image rms (σrms). The 23 GHz and 15 GHz observations were fit with four components, while the 8.4 GHz were fit with two components. All distances are measured relative to the brightest component, i.e., the core, and the component with the largest distance is taken as the "knot" in our analysis.
